
 
Overview

Idea To study the homotopy typeof a simplicial complex
vie nice functions on it
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Def Discrete Morse Functions
Let K finite simplicial complex

f IRvaluedfunction on the simplicesof X
sit for every simplex 5
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Def Critical simplices
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Tha If f is a Discrete Morse Function then K is htpy
equivalent to a CW complex which has a p cell
for everycritical p simplex of K



Tools for Proof

Simplicial collapse
K simplicialcomplex rc α simplices of K s t

8 is a free face ie 8 2 2 2

Let L K 8 α

We say K simplicially collapses to 2

The proof of the theorem is via a suitablychosen
sequence of simplicialcollapses

Noncritical simplices come in pairs
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Upshot We'll build K onestep at a time using the
KCC s and the hitpy type only changes
when we add a critical simplex
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Discrete Vector Fields
In practice it is oftenhard to explicitly construct
DiscreteMorse Functions

However we saw that what really matters is the
pairs of non critical simplices

This idea is captured by the conceptof Discrete
VectorFields

Def Discrete VectorField
set of pairs α β of simplices of K sit α Bam

and every simplex o is in almost
one suchpair



Def GradientVector Field

If f is a Discrete Morsefunction then the pairsof
non critical simplicesform a discrete vector field
We call this the GradientVector Field of f

Whendoes a discrete vector field arise from a discrete
morse function

Non example a z b x c y
y is NOT a gradient vector field

Problems If it were we'd have
f a f t f b f x f c fly ffa
nonfirnt dissecondition

Essentially we can't have cycles amongst thepairs
acz obcas cysa

The If V is a cycle free Discrete Vector Field then
it is the gradient vector field of some Discrete

Morse Function

Examples K skeleton of an n simplex

The simplices of an n simplex Δ correspond to
subsets of n 0,1 2 n

The K skeleton i e the dim k part corresponds to
subsets of size 4 1



The Δ Ya
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Pf For every subset S C n sit O S and IS k

pairing s with SV903 creates a cycle free discrete
vector field
The critical simplices are 03 and all 6 1 subsetsof
1 2 n Thus the result follows
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